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Abstract
Consider the parameter (G) = jE(G)j − jV (G)j(k − 1) + ( k2 ) for a k-chromatic graph G, on
the set of vertices V (G) and with the set of edges E(G). It is known that (G)>0 for any
k-chromatic uniquely vertex-colourable graph G (k-UCG), and, S.J. Xu has conjectured that for
any k-UCG, G; (G) = 0 implies that cl(G) = k; in which cl(G) is the clique number of G.
In this paper, rst, we introduce the concept of the core of a k-UCG as an induced subgraph
without any colour-class of size one, and without any vertex of degree k − 1. Considering
(k; n)-cores as k-UCGs on n vertices, we show that edge-minimal (k; 2k)-cores do not exist
when k>3, which shows that for any edge-minimal k-UCG on 2k vertices either the conjecture
is true or there exists a colour-class of size one. Also, we consider the structure of edge-minimal
(k; 2k + 1)-cores and we show that such cores exist for all k>4. Moreover, we characterize all
edge-minimal (4; 9)-cores and we show that there are only seven such cores (up to isomorphism).
Our proof shows that Xu’s conjecture is true in the case of edge-minimal (4; 9)-cores. c© 2000
Elsevier Science B.V. All rights reserved.
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1. Goals, basic concepts and denitions
In this paper we are mainly concerned with Xu’s conjecture on minimal uniquely
vertex-colourable graphs (UCGs), which states that any k-chromatic minimal UCG
contains a complete subgraph of order k.
After going through some preliminaries, we introduce the concept of the core of
a k-UCG as an induced subgraph without any colour-class of size one, and without
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any vertex of degree k − 1. Then, considering (k; n)-cores as k-UCGs on n vertices,
we show that we can either consider the conjecture only for edge-minimal cores, or
we can only consider the conjecture for edge-minimal k-UCGs on 2k vertices. One
of our basic results in this direction is that edge-minimal (k; 2k)-cores do not exist
when k>3, which shows that for any edge-minimal k-UCG on 2k vertices either the
conjecture is true or there exists a colour-class of size one. This can be considered as
the generalization of the same result proved by Truszczynski [23] for the case k = 3.
Also, we consider the structure of edge-minimal (k; 2k + 1)-cores and we show that
such cores exist for all k>4; which shows that Truszczynski’s result on the nonexis-
tence of edge-minimal (3; 7)-cores [23] cannot be generalized. Moreover, considering
the small cases, we characterize all edge-minimal (4; 9)-cores, which shows that Xu’s
conjecture is true in the case of edge-minimal (4; 9)-cores.
Throughout the paper, N = f1; 2; : : :g is the set of natural numbers. For any nite
set X; jX j is the size of X , i.e. the number of elements of X , and P(X ) is the power
set of X , i.e. the set of all subsets of X . We consider nite simple undirected graphs
such as G = (V (G); E(G)) with the vertex set V (G) and the edge set E(G). jV (G)j
and jE(G)j represent the order and the size of the graph G, respectively. Also, if two
vertices x and y of a graph G are connected to each other by an edge e = fx; yg, we
write e = xy or we write x $ y if we do not want to name the edge explicitly. In
this regard, for any graph G; NS(v) = fx j v $ x; x 2 Sg is the neighbourhood of the
vertex v in the subgraph S6G and dS(v) = jNS(v)j is the degree of the vertex v in S.
Note that, for simplication, we omit the subscript if S = G.
For a graph G; G is the complement of G, and for any subset X V (G); G[X ]
denotes the subgraph induced on X with V (G[X ]) =X and E(G[X ]) consists of those
edges of G such as e = xy with x; y 2 X . On the other hand, G − Y for Y V (G)
is used for the subgraph which is induced on V (G) − Y , where G − v is used as an
abbreviation for G − fvg.
In what follows we go through some denitions and results which will be used in the
sequel, while we refer to Bondy and Murty [2] and West [24] for the basic concepts
and backgrounds in graph theory.
Kk is the complete graph on k vertices and Km1 ;:::;ml is the complete l-partite graph
on l classes, each with mi vertices (i = 1; : : : ; l). A subgraph of a graph G which is
isomorphic to Kk is called a k-clique of G. The clique number of G; cl(G), is the
maximum number k such that G contains a k-clique.
A matching in a graph G, is a set of pairwise disjoint edges. The vertices belonging
to the edges of a matching are saturated by the matching; and a perfect matching
for G is a matching which saturates every vertex of G. In what follows we recall
a well-known theorem of Tutte in which by an odd component of G we mean a
component of odd order and o(H) represents the number of odd components in a
graph H.
Theorem A. A graph G has a perfect matching if and only if o(G−S)6jSj for every
S V (G).
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A k-proper-colouring (or simply a k-colouring) of a graph G is an assignment of
colours from a set of colours, namely f1; 2; : : : ; kg, to the vertices of G such that
adjacent vertices take dierent colours; and a graph which admits a k-colouring is said
to be a k-colourable graph. Note that any k-colouring of G induces a k-partition on
the vertex set of G; V (G), such that there is no adjacent vertices in any class of this
partition. These classes are called colour-classes of G (with respect to this k-colouring)
and [i] denotes the colour-class which corresponds to colour i. (G), the chromatic
number of G, is the minimum integer k such that G admits a k-colouring, and a
k-chromatic graph G is a graph with (G) = k. Also, ccl(G) = (G)− cl(G) will be
called the coclique number of G.
Consider a graph G and a collection of nonvoid subsets of P(V (G)) such as
F = (W1; : : : ; Wl) with Wi 2 P(V (G)) for all 16i6l. In this setting, note that, it
is possible that a subset of P(V (G)) appear more than once in the collection. We
make this a rule to consider a collection F = (W1; : : : ; Wl) as a set of ordered pairs
as (i; Wi) in which the rst component is used as a counter. This is called a list
FN  P(V (G)) of subsets of P(V (G)) [12].
For a (k − 1)-chromatic graph G, a list F = f(i; Wi) j 16i6lg of subsets of
P(V (G)) is called a transverse system for G if both of the following conditions
are satised [12];
 For every (k−1)-colouring  of G, if (i; W ) 2F then W has nonempty intersection
with all colour-classes of .
 For every k-colouring  : V (G) onto!f1; : : : ; kg of G, there exists (i; W ) 2 F such
that W has nonempty intersection with all colour-classes of .
A graph G is said to be k-uniquely-vertex-colourable (or a k-UCG) if any k-colouring
of G induces a unique k-partition on V (G). We also use the following theorem of Hall
which has already been used in the study of unique colourability and dening sets of
graphs [18,19].
Theorem B (Hall [15]). If n sets A1; : : : ; An have a system of distinct representative
(SDR) and the smallest of these sets contains t objects; then if t>n; there are at
least t(t− 1) : : : (t− n+ 1) dierent SDRs; and if t <n; there are at least t! dierent
SDRs.
2. UCGs and cores
In this section we review some properties of UCGs which are related to the subject
of this paper and we introduce the concept of core for a UCG. Then we go through
some basic known results about cores and their relationship to Xu’s conjecture as our
motivation for the subject of the next section.
First, note that if G is uniquely k-colourable for k6jV (G)j, then (G) = k. Also,
it is easy to see that empty graphs are the only uniquely 1-colourable graphs; and
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connected bipartite graphs are the only uniquely 2-colourable graphs. Therefore, from
now on when we consider k-UCGs we assume that k > 2 unless it is stated otherwise.
The next proposition states some basic properties of UCGs [1,4,7,16,17,23].
Proposition 1. Let G be a k-UCG. Then;
(1) The subgraph induced on the union of any r colour-classes of the unique colour-
ing is an r-UCG (16r6k).
(2) If H is a homomorphic image of G such that (G) = (H); then H is a k-UCG.
(3) Each vertex v is adjacent with at least one vertex in every colour-class other
than the colour-class containing v; which shows that in G we have >k − 1.
(4) If for a vertex v of G we have d(v) = k − 1 and the colour-class of v contains
more than one vertex; then G − v is also a k-UCG.
(5) If a new vertex v is added to G and is joined to exactly k − 1 dierent vertices
in k − 1 dierent colour-classes of G; then the new graph ~G is a k-UCG.
(6) If a colour-class contains only one vertex v; then d(v) = jV (G)j − 1 and G − v
is a (k − 1)-UCG. Also; if we add a new vertex to a (k − 1)-UCG and join it
to all of its vertices; then the new graph is a k-UCG.
For any graph G, consider the parameter (G) which is dened as follows [8,11,14]:






It is known that for any UCG, G, we have (G)>0 [23] and also, as a corollary of
its proof we have, 1
Proposition 2 (Chao [6], Xu [21], Truszczynski [23]). Let G be a UCG with
(G) = 0. Then the subgraph induced on any two of the colour-classes is a tree.
In [21] Xu proposes the following conjecture.
Conjecture 1 (Xu [21]). If G is a UCG with (G) = 0 then ccl(G) = 0 (i.e. (G) =
cl(G)).
It is known that the conjecture is sharp even if the number of vertices is relatively
small (see Theorem 3 and [8,9]). However, it seems that if we restrict ourselves to the
class of k-UCGs with ccl> 0, no colour-class of size one, and no vertex of degree
k−1, then it is not easy to reduce the number of vertices. This approach suggests that
one may be able to prove the conjecture for UCGs with small order which is the main
theme of this paper.
1 Surprisingly, the result reappears in [6,21]; where it seems that it has been rediscovered independently
by Xu.
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Hereafter, U is the class of all UCGs. Also, if G is a class of UCGs, then we use
the subscript (k; n; t; l) to specify the subclass
G(k;n; t; l) = fG 2 G j (G) = k; jV (G)j= n; ccl(G) = t; (G) = lg:
We may even use | to show that the variable can take any value. For instance
U(k;n;−;0) is the class of all k-UCGs on n vertices with = 0.
Let G be a k-UCG. By adding a new vertex v in one of the colour-classes and
joining it to k − 1 vertices in k − 1 distinct colour-classes, we obtain a new graph ~G
which is still a k-UCG. Conversely, for any k-UCG, G, and any vertex v of degree
k−1 whose colour-class contains more than one vertex, Proposition 1 item (4) implies
that G− v is a k-UCG. In any k-UCG, such a vertex of degree k−1 is called a vertex
of type 1; and we dene  1(G) to be the class of all k-UCGs that can be constructed
from a k-UCG, G, by adding vertices of type 1, consecutively, as described above.
The class of q-trees [3,22], (Kq+1), is an important subclass of  1(Kq+1). Note that
K1 is the only 0-tree, and for q = 1 we have the ordinary trees. Also, for any q-tree
T we have ccl(T ) = (T ) = 0 (see Proposition 3). There are a number of interesting
results concerning chromatical uniqueness of q-trees [6,20,25].
Now, consider the case of adding a new vertex as in item (6) of Proposition 1.
These vertices are called vertices of type 2; and we dene  2(G) to be the class of
all UCGs that can be constructed from a UCG, G, by adding consecutive vertices of
this type (maximum degree). We also dene  12(G) to be the class of all graphs that
can be obtained from a UCG, G, by adding vertices of type 1 or 2. The following
proposition is a direct consequence of denitions.
Proposition 3. (a) G 2  2(K) ) ccl(G) = ccl(K).




(d) For any q-tree T 2 (Kq+1) 12(K1) we have ccl(T ) = (T ) = 0.
Our denition for vertices of types 1 and 2 show that these kinds of vertices does
not contain any information about the basic chromatic structure of the graph. This
explains our main motivation to dene the core of a UCG.
Let G be a UCG and assume that we consecutively eliminate vertices of types 1 and
2 until a subgraph H is obtained such that H is a k-UCG and for each vertex of H
such as v we have dH (v)>k and j[c(v)]j>2, where c is the unique colouring of H .
Such a subgraph is called a u-core (or a core 2 ) for G. In what follows, we are going
to make these ideas more precise and we show that such a subgraph is well-dened
and unique.
Denition 1 (Daneshgar [11]). Let G 6= K1 be a UCG. Then the core of G, cor(G), is
an induced subgraph of G which does not contain vertices of type 1 or 2. If G=cor(G),
2 This is dierent from the categorical denition of cores.
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(G)=k and jV (G)j=n we call G a (k; n)-core. Also, if (G)=0 we call G a minimal
(k; n)-core or a (k; n)-mcore for short.
Pathologically, K1 is dened to be the trivial (1; 1)-core.
Proposition 4. cor(G) is well-dened. (Every UCG has a unique core.)
Proof. By contradiction, assume that there are at least two sequences of elimination
(for vertices) which give rise to two distinct cores G1 and G2. Moreover, assume that
v is the rst vertex which is eliminated in the rst sequence (v 62 V (G1)) but it is
still in V (G2). Consider the subgraph H obtained from G by removing all vertices in
the rst sequence which are eliminated before v; and note that, v is either a vertex of
type 1 or it is a vertex of type 2 in H . Now, it is clear by denitions that v will still
remain a vertex of the same type if we eliminate any other vertex of type 1 or 2 of H
(note that being a vertex of type 1 is equivalent to be connected to exactly one vertex
in each colour-class not containing it. Hence the type of such a vertex is not changed
by deletion of other type 1 or type 2 vertices by Proposition 1(3). The case of type 2
vertices is even easier). This shows that v will remain a vertex of type 1 or 2 in G2,
which is a contradiction.
It is clear that we always have  12(K1)(k;n;−;−)U(k;n;−;0). Truszczynski proves the
following theorem which shows that if the number of vertices is small enough, then a
UCG has a trivial core.
Theorem 1 (Truszczynski [23]). (a)  12(K1)(2; n;−;−) =U(2; n;−;0) for n>2.
(b)  12(K1)(k;n;−;−) =U(k;n;−;0) for 36k6n6k + 4.
(c)  12(K1)(k;n;−;−)U(k;n;−;0) for 36k and n>k + 4.
We elaborate on presenting some comments on this theorem, since from one point
of view, our main results in this paper can be considered as a generalization of these
facts.
The proof of part (c) of this theorem is actually based on constructing a (3; 8)-mcore.
Truszczynski also notes that (Kq+1) is contained in the class of all critical UCGs for
every q>1, however, he constructs critical UCGs which are not q-trees (unfortunately,
the graph G1 that appears in [23] and is depicted in Fig. 1 is not a UCG. Also, it is
easy to see that this graph has exactly two dierent 3-colourings).
It should be noted that, although, the idea of construction of a 3-UCG with ccl = 1
is more or less apparent in [16,17]; but it seems that [23] is the rst place 3 where
such a graph is constructed correctly for which  is equal to 2. The following problem
shows that it is not easy to reduce  in this case.
3 Again, the idea of construction of a 3-UCG with ccl = 1 reappears in [5] in which it is proved that for
each n>12 there exists a uniquely k-colourable graph on n vertices without triangles.
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Fig. 1. The graph G1 62 U(4;9;1;5).
Problem 1 (Daneshgar [11]; Daneshgar and Naserasr [14]). Construct a 3-UCG; G;
with ccl(G)> 0 and (G) = 1.
We believe that this problem is basic since if such graph exists, then it should have
an interesting colouring structure which reveals many new ideas in constructing small
uniquely colourable graphs with ccl> 0.
Truszczynski also constructs vertex-minimal examples for the cases k=4 and 5 using
a theorem which is generalized in [12] as follows (also see [14]).
Theorem 2 (Daneshgar [12]). Let H be a k-chromatic graph such that in every
k-colouring of H there is a xed colour-class V  consisting of m specied vertices
v1; : : : ; vm (m>1); and consider G = H − V . Also dene F= f(i; NG(vi)) j vi 2 V g.
Then;
(a) (G) = k − 1 and F is a transverse system for G.
Moreover if cl(H)6k − 1 then;
(b) cl(G[W ])6k − 2 for every (i; W ) 2F; and cl(G)6k − 1.
Conversely; let G be a (k − 1)-chromatic graph and let FN  P(V (G)) be a
transverse system for G. Then the graph H obtained by adding to G new vertices
vi; for each ((i; Wi) 2 F); and joining each vi to all vertices in Wi is a k-chromatic
graph such that in any one of its k-colourings the class V  = fvi j (i; Wi) 2 Fg is
xed. If in addition (b) is also fullled then cl(H)6k − 1.
Example 1. Consider the prism P=G2 − fb1; b2; b3g (see Fig. 2) and note that
F= f(1; fa1; a2; c1; c2g); (2; fa2; a3; c2; c3g); (3; fa3; a1; c3; c1g)g
is a transverse system for P. This shows that fb1; b2; b3g is a xed colour-class in any
4-colouring of G2 (see Fig. 2) (for more on this theorem see Section 4 and [11,12]).
In [8,9] by adding a new vertex d to the graph G2 and connecting it to vertices a2,
a3, b2 and c3 Daneshgar constructs the graph U4 2 U(4;10;1;1) and shows that,
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Fig. 2. The graph G2.
Theorem 3 (Daneshgar [8,9]). There exists a family of k-UCGs  2(U4)U(k;k+6;1;1)
(k>4).
It is known that we can construct k-chromatic cores with ccl> 0 and  = 1 for
every k>4 [8,9,11,13,14]. In this regard, considering minimal cases is important since
it is very probable that Xu’s conjecture be true when we consider (k; n)-mcores on
a small number of vertices, which is a good motivation for the study of cores with
small order. As a special approach, one can consider some extensions of Theorem 1.
For instance, item (b) of this theorem states that there is no (3; n)-mcore for n67.
Hence, one may ask whether (k; n)-mcores exist for n62k + 1 and k>4. In the next
section we set forward a complete answer to this question by proving that there is no
(k; 2k)-mcore when k>3, however, (k; 2k + 1)-mcores exist for every k>4. We also
consider the case of k = 4 and we characterize all (4; 9)-mcores, where we show that
there are only seven of them (up to isomorphism).
In the next section we delve into the details of these ideas and we focus on the
properties of small cores and their relation to Xu’s conjecture (Conjecture 1).
3. Small cores and Xu’s conjecture
It is clear from the previous sections that verication of Xu’s conjecture may be
reduced to the verication of conjecture for minimal cores. In this section we rst
show that, as far as this conjecture is concerned, one may either only focus on minimal
cores or one may focus on minimal k-UCGs on 2k vertices. We also prove that there
is no (k; 2k)-mcore when k>3 as a generalization of Theorem 1(b), and we deduce
that for any minimal k-UCG on 2k-vertices either ccl = 0 or there is a vertex of
type 2. This result, although quite nontrivial, is a mild step toward the verication of
Xu’s conjecture for small UCGs which shows the deepness of this conjecture.
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Also, in this section we show that a straightforward generalization of Theorem 1(b)
is not necessarily true. In this regard, we show that, although (k; 2k)-mcores do not
exist, (k; 2k + 1)-mcores exist for all k>4. Moreover, it will become clear from our
constructions that such mcores may have a variety of nontrivial structures which makes
it dicult to verify Xu’s conjecture even in this case. Hence, as a step toward this,
we classify all (4; 9)-mcores.
To begin, note that the rst nontrivial case to be considered is a k-UCG on 2k
vertices in which each colour-class is of size 2. As a simple example consider the
following graphs from the class of (k − 1)-trees.
Example 2. Let k>2 and consider a k-clique Kk on vertices fa1; a2; : : : ; akg. Add k
new vertices b1; b2; : : : ; bk and join each vertex bi to all aj’s except ai. We denote this
graph by Sk . It is easy to see that Sk 2 (Kk) 1(Kk).
Note that S2 is a path on four vertices.
Proposition 5. To prove Xu’s conjecture it is sucient to prove the conjecture for
k-UCGs on 2k vertices.
Proof. Assume that the conjecture is proved for k-UCGs on 2k vertices; and consider
a k-UCG, G, on n vertices. If n= 2k we are done. Else, we consider two cases.
 n< 2k. In this case note that G has at least 2k − n vertices of type 2; and by
removing these vertices we obtain a (n− k)-UCG on 2(n− k) vertices. Therefore,
the result follows by Proposition 3(a).
 n> 2k. In this case by adding n − 2k vertices of type 2 we again obtain a
(n− k)-UCG on 2(n− k) vertices and the result follows by Proposition 3(a).
Naturally, the most basic case to be considered is the class of (k; 2k)-mcores. The
following theorem, as a generalization of Theorem 1(b), shows that such minimal cores
do not exist.
Theorem 4. There is no (k; 2k)-mcore when k>3.
Proof. Consider a k-UCG, G, on 2k vertices with (G) = 0. Then it suces to prove
that G has at least one vertex of type 1 or 2.
First, note that if there exists a colour-class of size 1 in the k-colouring of G then
we have a vertex of type 2. Else, all colour-classes of G should contain exactly two
vertices. In this case, by Proposition 2 we know that the subgraph induced on any
two of colour-classes is a path on four vertices. Consequently, G consists of k disjoint
copies of K2 on vertices ui and vi for i = 1; : : : ; k, such that there is exactly one edge
between any two of them.
Note that any perfect matching of G gives rise to a k-colouring of G, and since G is
a k-UCG there is only one perfect matching for G which consists of all edges ei =uivi
for i = 1; : : : ; k. Hence, G − e1 does not have any perfect matching. Now by Tutte’s
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Theorem for perfect matchings (Theorem A) there exists a subset S V (G) such that
O( G − S − e1)> jSj:
We deduce that non of the vertices u1 and v1 can be in S, since otherwise we would
have O( G − S)> jSj which is a contradiction because G has a perfect matching.
Also, we claim that for each 26i6k at most one of the vertices ui or vi can be in
S. To see this, let r be the number of indices j for which exactly one of the vertices
uj or vj is in S; and note that the number of odd components of G− S − e1 is at most
r + 2 which shows r + 2> jSj. This proves our claim and, without loss of generality,
we may assume that S = fv2; v3; : : : ; vr+1g.
Again, we note that no two of the vertices fv1; u1; u2; : : : ; ur+1g can be in the same
component of G − S − e1. Hence, each vertex in fu2; u3; : : : ; ur+1g forms a component
of G − S − e1 with one vertex; because any vertex in fur+2; : : : ; ukg [ fvr+2; : : : ; vkg is
either in the component which contains u1 or is in the component which contains v1.
This is clear since there is exactly one edge between fu1; v1g and fui; vig.
So far, we have proved that any vertex in fu2; u3; : : : ; ur+1g can be adjacent in G
only possibly to some vertices in fv2; v3; : : : ; vr+1g. Now, we claim that there exists
some index 26j6r + 1 such that N G(uj) = fvjg and consequently, vj will be a type
1 vertex in G. To prove our claim, (by contradiction) consider the subgraph H =
G[fu2; : : : ; ur+1g [ fv2; : : : ; vr+1g] and assume that dH (ui)>2 for all 26i6r + 1. Now,
note that since fNH (ui)g26i6r+1 has a trivial SDR, by Theorem B it has at least two
dierent SDRs which give rise to two dierent perfect matchings of H . Each one of
these two matchings can be extended to a perfect matching of G using ei’s and this is
a contradiction since each perfect matching of G gives rise to a k-colouring of G.
It should be noted that the hypothesis =0 in Theorem 4 is crucial, since as a very
simple example one can consider the complete k-partite graph K(2;2; :::;2) on 2k vertices
as a (k; 2k)-core which is not minimal for any k>2.
Now, as an application of this theorem we obtain the following corollary, which, in
a sense, describes the importance of cores and their structures.
Corollary 1. Let k>2. Then for every k-UCG; G; on 2k vertices with (G)=0 either
G has a vertex of type 2 or ccl(G) = 0.
Proof. Assume that G does not contain a vertex of type 2. Then it is clear that all
colour-classes of G contain exactly two vertices. Let Gk be the collection of all k-UCGs
on 2k vertices with = 0 which does not contain any vertex of type 2. We prove our
claim by induction on k. The cases k = 2; 3 are clear. Hence, assume that the claim is
proved for all graphs in Gr when r <k.
Now consider G 2 Gk . By Theorem 4, G contains a vertex v of type 1. Then if u is
the other vertex in the colour-class containing v, it is clear that u is a vertex of type
2 in G − v. But, since G − fu; vg 2 Gk−1, by induction hypothesis ccl(G − fu; vg) = 0
and the result follows from Proposition 3(a).
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Note that in conjunction with Proposition 5 this corollary sets forward some data
about the counterexample approach to Xu’s Conjecture.
Corollary 2. Let k>2 and let G be an edge-minimal k-UCG on 2k vertices without
any vertex of type 2. Then cor(G) = K1.
Proof. Note that all colour-classes of such a graph should have size 2 and since it has
no type 2 vertex, by Theorem 4 we now that the graph is not a core and should have
a type 1 vertex. By deleting this vertex the other vertex in its colour-class will be a
type 2 vertex and can be deleted. This process can be continued to obtain the trivial
core K1.
On the other hand, although, Theorem 1(b) states that (3; 7)-mcores do not exist;
we show in what follows that there are a variety of (k; 2k+1)-mcores when k>4. Our
analysis shows that, on one hand, the variety of (k; n)-mcores rapidly increases by n;
and on the other hand, it suggests that the conjecture is quite probable to be true when
the number of vertices is small relative to k (the proof of Xu’s Conjecture in this case
can also be considered as a continuation of the approach proposed in Corollary 1 if
one excludes vertices of type 2). This, in our opinion, is a good motivation for the
analysis of small (k; n)-mcores, however, we have not been able to give a good proof
for the conjecture, even in the case of (k; 2k + 1)-mcores, yet.
Theorem 5. (k; 2k + 1)-mcores exist for k>4.
Proof. To prove the theorem we construct a (k; 2k + 1)-mcore for each k>4. In this
regard, consider the general pattern of Fig. 3, in which connections are as follows.
 There are two (k − 3)-cliques on fa1; a2; : : : ; ak−3g and f ~a1; ~a2; : : : ; ~ak−3g.
 Vertices b; ~b; c; ~c; d and ~d are all connected to ai for i = 1; : : : ; k − 3.
 For i = 1; : : : ; k − 3, ~ai is connected to b; ~c; d and all aj’s where 16j< i.
 The vertex b is connected to all ~ai’s, d and ~d.
 The rest of the connections are as in Fig. 3.
To show that this graph is a k-UCG (k>4), note that if one is going to introduce
a k-colouring for this graph, without loss of generality, one may assume that ai 2 [i]
for i = 1; : : : ; k − 3, b 2 [k − 2]; d 2 [k − 1] and c 2 [k]; since these vertices form a
k-clique. This forces ~b and ~d to take colours k−1 or k−2, however, regardless of the
exact colouring of these two vertices, ~c is forced to take the colour k (this is actually
a type 1 forcing introduced in [9{11]).
Now, it is easy to check that ~ai 2 [i] for i = 1; : : : ; k − 3. This forces b to take the
colour k − 2, which consequently, forces ~d 2 [k − 1] and ~b 2 [k − 2]. This shows that
the graph is a k-UCG.
It is also easy to check that the graph is a core with  = 0 which completes the
proof.
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Fig. 3. A class of (k; 2k + 1)-mcores (see Theorem 5).
The next theorem sets forward some information about the internal structure of
(k; 2k + 1)-mcores when k>4.
Theorem 6. For any (k; 2k+1)-mcore (k>4); the graph induced on the colour-classes
of size 2 is not isomorphic to Sk−1.
Proof. Let C=fc1; c2; c3g be the unique colour-class of size 3 in the (k; 2k+1)-mcore
G. By contradiction, assume that G−C =Sk−1 where we follow the same notation as
in Example 2.
Since G is uniquely colourable, Theorem 2 implies that f(i; N (ci)) j i = 1; 2; 3g is a
transverse system for G − C. By considering the following k-colouring of G − C,
ai 2 [i] and bi 2 [k] (i = 1; : : : ; k − 1)
we deduce that one of ci’s, say c1, is adjacent to all ai’s and at least one of bi’s; where
without loss of generality, we may assume that c1 is adjacent to b1; : : : ; bl (l>1). Note
that, by the structure of Sk−1, each one of the vertices bl+1; : : : ; bk−1 is adjacent to
both c2 and c3; since otherwise it would be a vertex of type 1.
Now, we consider another k-colouring of G − C:
ai 2 [i] (i = 1; : : : ; k − 1); bi 2 [i] (i = 1; : : : ; l)
and
bi 2 [k] (i = l+ 1; : : : ; k − 1):
Again, since f(i; N (ci)) j i = 1; 2; 3g is a transverse system for G − C, and N (c1) does
not intersect all colours, we deduce that one of c2 or c3, say c2, is connected to at
least k − 1 vertices in G − C − fbl+1; : : : ; bk−1g. This shows that
d(c1) = k − 1 + l and d(c2)>2(k − 1)− l:
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Fig. 4. On (4; 9)-mcores (see Theorem 7).
Fig. 5. On (4; 9)-mcores (see Theorem 7).
Also, (G) = 0 implies that d(c1) + d(c2) + d(c3) = 4(k − 1). Therefore,
d(c3)64(k − 1)− (k − 1 + l)− (2(k − 1)− l) = k − 1
which is a contradiction.
Now, at the end, to show that (k; 2k + 1)-mcores may have very dierent nontrivial
structures, we characterize all (4; 9)-mcores (up to isomorphism).
Theorem 7. There are only seven (4; 9)-mcores (up to isomorphism).
Proof. First, note that by Theorems 4 and 6 there are only two cases for the subgraph
H , induced on the colour-classes of size 2. These are depicted in Figs. 4 and 5,
in which the colour-classes are denoted by A, B and C. Let D = fd1; d2; d3g be the
forth colour-class and let N1; N2 and N3 be the neighbourhoods of these vertices in
H , respectively. Note that by the minimality of the graph, there are exactly 12 edges
which are incident with vertices of D; and this along with the fact that there is no
vertex of type 1, implies that for each 16i63, we have jNij= 4. On the other hand,
by Theorem 2,
f(1; N1); (2; N2); (3; N3)g
should be a transverse system for H , which implies that for each colour-class of
H , there exists a unique Ni (16i63) which contains it. Therefore, without loss of
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generality, one may assume that
AN1; BN2 and C N3:
 The case of Fig. 4. Consider the following 4-colouring of H :
a1 2 [1]; b1; b2 2 [2]; c1 2 [3] and a2; c2 2 [4]:
Hence, c1 2 N1 or a1 2 N3, since f(1; N1); (2; N2); (3; N3)g is a transverse system
for H . But, considering the symmetry between colour-classes A and C in Fig. 4,
without loss of generality, we may assume that c1 2 N1. Therefore, c2 2 N2 since,
otherwise we would have d(c2)=3. Now, again, consider the following 4-colouring,
a1; a2 2 [1]; b2; c2 2 [2]; c1 2 [3] and b1 2 [4]
which shows that b1 2N3. On the other hand,
a1 2 [1]; b2; c2 2 [2]; c1 2 [3] and a2; b1 2 [4]
shows that a1 2 N3 or b2 2 N1. But note that if a1 2 N3, then
a1 2 [1]; b2 2 [2]; c1; c2 2 [3] and a2; b1 2 [4];
implies that a1 2 N2 or b2 2 N1. However, a1 62 N2 since, otherwise, we would
have d(a2) = 3; and consequently, b2 2 N1.
This shows that in any case we have b2 2 N1 which leaves the following systems
of neighbourhoods:
N1 = fa1; a2; b2; c1g;
N2 = fai; b1; b2; c2g; i; j 2 f1; 2g & i; j are not both equal to 1;
N3 = faj; b1; c1; c2g:
 The case of Fig. 5. In this case too by considering the symmetry between colour-
classes A and B, without loss of generality, we may assume that c2 2 N1. Now,
consider the following 4-colouring of H
a2 2 [1]; b1; b2 2 [2]; a1; c2 2 [3] and c1 2 [4]
which shows that a22N3. On the other hand, by considering the following 4-colouring
a1 2 [1]; a2; b1 2 [2]; c1 2 [3] and c2; b2 2 [4];
it is clear that N2 is the only set which should contain all four colours; and conse-
quently, a1; c1 2 N2.
Hence, we have the following valid cases:
N1 = fa1; a2; bi; c2g;
N2 = fa1; b1; b2; c1g; i; j 2 f1; 2g;
N3 = fa2; bj; c1; c2g:
Now, by considering vertices of degree 6 and the subgraphs induced on their
neighbourhoods, it is easy to see that all these seven cases are nonisomorphic
(4; 9)-mcores.
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The proof of Theorem 7 shows that Xu’s conjecture is true for (4; 9)-mcores. Or in
other words,
Corollary 3. If G is a UCG such that (G) = 0 and cor(G) is a (4; 9)-core; then
ccl(G) = 0.
4. Concluding remarks
As a sequel to the subject of this paper one may consider the following parameters,
t(k) = minfjV (G)j jG 2 U(k;−; t;−)g;
t(k) = minf(G) jG 2 U(k;−; t;−)g
which are known for the case t = 1 [23] and also some upper bounds are obtained
in [9]. On the other hand, if we describe the results of this paper as the analysis of
the chromatic number of small UCGs (in order and size) with ccl> 0, then it is also
interesting to recall the following conjecture as another approach to the same problem.
Conjecture 2 (Daneshgar [11], Daneshgar and Naserasr [14]). If G is a k-UCG such
that 56k6jV (G)j62(k + 1); ccl(G)> 0 and (G)62; then (cor(G))<k.
Note that it is fairly easy to show the sharpness of this conjecture using the results
of Daneshgar [11] and Daneshgar and Naserasr [14].
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